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In the present paper we study properties of compact Hausdorff spaces preserved by
maps f : X → Y inducing isomorphisms of stable cohomotopy groups πms ( f ) : πms (Y ) →
πms (X) for almost all m > 0. The homomorphism π
m
s ( f ) : πms (Y ) → πms (X) depends only
on the stable shape morphism f ∈ ShStab(X, Y ) generated by f . Consequently, we try
to distinguish and characterize invariants of morphisms in ShStab with the mentioned
attribute.
© 2010 Elsevier B.V. All rights reserved.
T. Miyata and J. Segal observed [9,10,8] that ShStab can be obtained as an abstract shape category for the pair
(S(Comp),S(CW)), where S(Comp) and S(CW) are full subcategories of the stable homotopy category with compact
Hausdorff spaces and (respectively) ﬁnite CW complexes as the class of objects.
In this note the next step is done, more precisely for each n ∈ Z we construct a category ShS∞n with compact Hausdorff
spaces as objects. This category is obtained as an abstract shape category for the pair (S∞n+1(Comp),S∞n+1(CWn)), where
S∞n+1(Comp) and S∞n+1(CWn) are certain modiﬁcations of the stable homotopy category. We call ShS∞n the stable
(∞
n
)
-
shape category. If a morphism f ∈ ShStab(X, Y ) induces an isomorphisms πms (f) : πms (Y ) → πms (X) for every m n, then it
generates an isomorphism fˆ in ShS∞n (X, Y ).
The construction of the stable
(∞
n
)
-shape category ShS∞n is complementary to the classical constructions of the n-shape
category (originally described for unstable case) or the notion of n-type for compact metric spaces introduced by S. Ferry.
The nature of those construction allows us to call and classify the n-shape theory and the theory of n-types of compact
spaces as ﬁnite dimensional shape theories, while the aim of the construction ShS∞n is to reach the opposite effect. We
believe that it makes sense to call and classify the corresponding shape theory as inﬁnite dimensional.
We would like to mention it does not mean that compact spaces with the same stable
(∞
n
)
-shape and with the same
(n + 1)-types or (n + 2)-types are isomorphic objects of the stable shape category ShStab, even for the case when they are
ﬁnite CW complexes (see Example 2.1).
For n >m the classiﬁcation determined by ShS∞n is coarser than the classiﬁcations determined by ShS∞m , ShStab and Sh.
In particular if X is a compact Hausdorff space with dim X  n then X is isomorphic as an object of ShS∞n to a one point
space (i.e. X has trivial
(∞
n
)
-shape). On the other hand the category ShS∞n reminds the ordinary shape theory and the stable
shape theory. Moreover, modifying proofs of classical theorems we are able to easily obtain their equivalents on the grounds
of ShS∞n . Roughly speaking we restrict only to consequences of theorems for abstract shape theory which have been proved
in [7].
For example we consider the class of all compact spaces which are movable in the sense of ShS∞n for some n. If X is
such a space, then it is called
(∞

)
-movable. The motivation for introducing the notion of
(∞

)
-movability is twofold. First of
all the class of all
(∞

)
-movable spaces is much larger than the class of movable spaces. Secondly it appears that cohomology
groups Hk(X) are responsible for behavior of stable cohomotopy groups πks (X) when X is such a space.
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(∞

)
-movable space X we have
c(X) = max(n: Hn(X;Z) = 0),
where c(X) =max(n: πns (X) = 0) denotes the global cohomotopical dimension of X .
As a consequence we obtain a cohomological versions of the Whitehead Theorem for the stable shape category ShStab.
General feeling is that there is quite a lot of
(∞

)
-movable spaces which are non-movable. Indeed, if c(X) < ∞ then X
is
(∞

)
-movable. Modifying a
(∞

)
-movable space X we obtain often as the result a space with the same property. Among
other things the quotient space X/A is
(∞

)
-movable if A = ∅ is (∞

)
-movable and c(X) < ∞ (or if X is (∞

)
-movable
and c(A) < ∞) and the union of X1 ∪ X2 is
(∞

)
-movable if X1 and X2 are
(∞

)
-movable (or if c(X1), c(X2) < ∞) and
c(X1 ∩ X2) < ∞ (or X1 ∩ X2 is
(∞

)
-movable respectively).
For m > n + 1 the Cˇech m-cohomology functor Hm(−;G) and the mth stable cohomotopy functor πms (−) factorize via
the category ShS∞n . Hence if ShS∞n (X) = ShS∞n (Y ) and m > n + 1, then πms (X) ∼= πms (Y ) and Hm(X;G) ∼= Hm(Y ;G). As an
obvious immediate consequence we obtain
(∞
n
)
-shape classiﬁcation of strong wedges of spheres.
The paper is a continuation of [13] and we adhere conventions introduced in [13]. All spaces are pointed. By Sk(X) we
denote the k-fold reduced suspension of X .
1.
(∞
n
)
-Homotopy
The set {X, Y } of stable homotopy classes from X to Y is the direct limit of the sequence {[X, Y ] → [S(X),S(Y )] →
[S2(X),S2(Y )] → · · ·}. The element represented by a map f : Sk(X) → Sk(Y ) is denoted by { f }. The set {X, Y } is equipped
with the structure of an Abelian group.
Let C be a subclass of the class Top of all topological spaces. Taking C as the class of objects and the group {X, Y }
as morphisms from X to Y we obtain a category S(C). In particular we have the stable homotopy categories S(Top),
S(Comp) and S(CW) of (respectively) all topological spaces, all compact Hausdorff spaces and all ﬁnite CW complexes.
Let f , g : X → Y and n 0. We say that f is (∞n
)
-homotopic to g if hf 
 hg for every n-connected CW complex P and
every h : Y → P .
We adopt the conventions that if n < 0, then f and g are
(∞
n
)
-homotopic iff f and g are homotopic.
It is easily seen that the relation of being
(∞
n
)
-homotopic is an equivalence relation. The equivalence class of f with
respect to the relation of being
(∞
n
)
-homotopic is denoted by [ f ]∞n .
We need also stable versions of these relations.
Maps f : Sk(X) → Sk(Y ) and g : Sl(X) → Sl(Y ) represent the same stable (∞n
)
-homotopy class iff Sm−k( f ) : Sm(X) →
Sm(Y ) and Sm−l(g) : Sm(X) → Sm(Y ) are ( ∞m+n
)
-homotopic. The equivalence class of f with respect to the relation of being
stable
(∞
n
)
-homotopic is denoted by { f }∞n .
Lemma 1.1. Let X, Y , Z be compact Hausdorff spaces and let { f }∞n = { f ′}∞n ∈ {X, Y }∞n , {g}∞n = {g′}∞n ∈ {Y , Z}∞n , where f , f ′ :
Sl(X) → Sl(Y ) and g, g′ : Sl(Y ) → Sl(Z). Then {g f }∞n = {g′ f ′}∞n .
Proof. It suﬃces to show that hQ g f 
 hQ g′ f ′ , where hQ : Z → Q and Q is a ﬁnite n-connected CW complex and f , f ′ :
X → Y and g, g′ : Y → Z .
Let us observe that hQ g 
 hQ g′ and hQ g f 
 hQ g f ′ which immediately imply that hQ g f 
 hQ g′ f ′ . 
Remark 1. Lemma 1.1 allows us to deﬁne the composition {g}∞n { f }∞n ∈ {X, Z}∞n of the classes { f }∞n ∈ {X, Y }∞n and {g}∞n ∈{Y , Z}∞n by compositing representatives.
The composition {h}∞n ({g}∞n { f }∞n ) is deﬁned iff ({h}∞n {g}∞n ){ f }∞n is deﬁned and {h}∞n ({g}∞n { f }∞n ) = ({h}∞n {g}∞n ){ f }∞n .
We have also { f }∞n = { f }∞n {idX }∞n = {idY }∞n { f }∞n .
In the present note by an n-coskeleton X [n] of a ﬁnite CW complex X we understand the quotient space X/X (n) , where
X (n) is the n-skeleton of X .
The canonical quotient maps of X onto X [n] and X [n] onto X [m] are denoted respectively by q[n]X : X → X [n] and q[n,m]X :
X [n] → X [m] , where m > n.
Lemma 1.2. Let X and Y be CW complexes and m  n. Then for every α ∈ {X, Y } there exists β ∈ {X [m], Y [n]} such that {q[n]Y }α =
β{q[m]X }. If β1, β2 ∈ {X [m], Y [n]} and β1{q[m]X } = β2{q[m]X } then {q[n,n+1]X }β1 = {q[n,n+1]X }β2 .
Proof. Without loss of generality we may assume that α is represented by a cellular map f : X → Y . Hence q[n]Y f |X (n) is a
constant map and there is fˆ : X [m] → Y [n] such that fˆ q[m]X 
 q[n]Y f .
Let fˆ 1, fˆ 2 : X [m] → Y [n] be cellular maps such that fˆ iq[m]X 
 q[n]Y f for i = 1,2. We have a cellular homotopy ϕ : X ×
[0,1] → Y [n] joining fˆ 1q[m] and fˆ 2q[m] . If m < n then ϕ(X (m) × [0,1]) ⊂ B , where B is the n-skeleton of Y [n] . ThereforeX X
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ϕ(x, t) for (x, t) ∈ X × [0,1]. 
Lemma 1.3. Let { f1}, { f2} ∈ {X, Y }. Then { f1}∞n = { f2}∞n if and only if {q[n]Y }{ f1} = {q[n]Y }{ f2}.
Proof. Lemma 1.3 is a consequence of the previous one. 
Remark 2. The set {X, Y }∞n is equipped with the structure of an Abelian group. The morphism {q[n]Y } : Y → Y [n] induces a
homomorphism ({q[n]Y })# : {X, Y } → {X, Y [n]}, whose image is isomorphic to the group of all stable
(∞
n
)
-homotopy classes
{X, Y }∞n .
2. Inﬁnite dimensional shape theories
By CWn we denote the class consisting of all ﬁnite connected CW complexes X such that the n-skeleton X (n) = {x0},
where x0 is a base point of X . It means that X has a single 0-cell and has no k-cells for k n. A CW complex P belongs to
CWn iff the n-coskeleton P [n] = P .
For any subclass C of the class Comp of all compact Hausdorff spaces we denote by S∞n (C) the category with C as the
class of objects and with the stable
(∞
n
)
-homotopy classes as morphisms.
Remark 3. By Lemmas 1.2 and 1.3 for every n > m and for every α ∈ {X, Y } there exists β = {g} ∈ {X [m], Y [n]} such that
{q[m]Y }α = β{q[m]X } and the stable
(∞
n
)
-homotopy class {g}∞n depends only on α. If { f }∞m = {g}∞m , then { f }∞n = {g}∞n for every
n >m.
Setting
Qmn (X) = X [m]
and
Qmn (α) = {g}∞n
for every α ∈ {X, Y } (where {q[m]Y }α = {g}{q[m]X }) we get a functor
Qmn :S(CW) →S∞n (CWm).
Let T be a category and let P be the full subcategory of T . In the case when P is dense [7, p. 22] in T we are able to
construct [7, p. 25] the abstract shape category in the sense of Mardešic´–Segal Sh(T ,P) for the pair (T , P).
If p : X → X and q : Y → Y are P-expansions of X and Y then morphisms Sh(T ,P)(X, Y ) are represented by elements of
Pro-P(X,Y).
If m < n and X is the inverse limit of the system X= {Xσ , pστ ,Σ} of ﬁnite CW complexes then
p= {{q[m]Xσ pσ
}∞
n
}
σ∈Σ : X →
{
X [m]σ ,Qmn
({
pτσ
})
,Σ
}=Qmn (X)
is a morphism of Pro-S∞n (Comp) from the rudimentary system X to X, where pσ : X → Xσ denotes the canonical projec-
tion.
Theorem 2.1. For n >m the category S∞n (CWm) is a dense in S∞n (Comp). The morphism p is a S∞n (CWm)-expansion of X .
Proof. Let f : Sk(X) → Sk(P ) be a map, where P is a ﬁnite CW complex with P [m] = P .
Since Sk(X) is homeomorphic to the inverse limit of Sk(X) = {Sk(Xσ ),Sk(pστ ),Σ} we infer that there exist σ and f ′σ :
Sk(Xσ ) → Sk(P ) such that f ′σ Sk(pσ ) 
 f .
From Lemma 1.2 we conclude that there is a map fσ : Sk(X [m]σ ) → Sk(P ) such that f ′σ 
 fσ Sk(q[m]Xσ ). Therefore
{ f }∞n =
{
f ′σ
}∞
n {pσ }∞n = { fσ }∞n
{
q[m]Xσ
}∞
n {pσ }∞n = { fσ }∞n
{
q[m]Xσ pσ
}∞
n .
Let f , g : Sk(X [m]σ ) → Sk(P ) be maps such that f˜ Sk(pσ ) 
 g˜Sk(pσ ), where f˜ = Sk(q[n]P ) f Sk(q[m]Xσ ) and g˜ = Sk(q[n]P )gSk(q[m]Xσ ).
Since Sk(X) is homeomorphic to the inverse limit of Sk(X) we infer that there is τ > σ such that f˜ Sk(pτσ ) 
 g˜Sk(pτσ )
and { f˜ }∞n Qmn ({Sk(pτσ )}) = {g˜}∞n Qmn ({Sk(pτσ )}). 
Let ShS∞n,m = Sh(T ,P) denote the abstract shape category for the pair (T , P) = (S∞n+1(Comp),S∞n+1(CWm)), where
nm. The case m = −1 and the related category ShS∞ is complementary to the n-shape theory ([1,6] or [5]). However,n,−1
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the stable
(∞
n
)
-shape category
ShS∞n = ShS∞n,n.
We follow the conventions and notations of the classical shape theory. In particular we say that compact Hausdorff
spaces X and Y have the same stable
(∞
n
)
-shape, ShS∞n (X) = ShS∞n (Y ), if X and Y are isomorphic in ShS∞n (X). We say also
that X is dominated by Y in ShS∞n iff there are f ∈ ShS∞n (X, Y ) and g ∈ ShS∞n (Y , X) such that gf= iX , where iX is induced
by idX : X → X . In this case the morphism f is called a domination.
The relation ShS∞n (X) = ShS∞n (Y ) is complementary to the relation having the same n-type for metric compact spaces
[3] or CW complexes [14].
We have ShStab = ShS∞n for n−2.
Theorem 2.2. If ShS∞m (X) = ShS∞m (Y ) (or ShS∞m (X) ShS∞m (Y )) then ShS∞n (X) = ShS∞n (Y ) (or ShS∞n (X) ShS∞n (Y )) for every
n >m.
Proof. Let X and Y be the inverse limits of systems X = {Xσ , pτσ ,Σ} and Y = {Yμ,qυμ,Υ } of ﬁnite CW complexes and
let a morphism f ∈ ShS∞m (X, Y ) be represented by (φ, {αμ}μ∈Υ ), where φ : Υ → Σ , fμ : Sk(X [m]φ(μ)) → Sk(Y [m]μ ) and αμ =
{ fμ}∞m+1. Then by Lemma 1.2 there is a map fˆμ : Sk(X [n]φ(μ)) → Sk(Y [n]μ ) such that Sk(qm,nY ) fμ 
 fˆμSk(qm,nX ). The stable
( ∞
n+1
)
-
homotopy class of fˆ μ depends only on the stable
( ∞
m+1
)
-homotopy class of fμ .
Moreover the pair (φ, {βμ}), where βμ = { fμ}∞m+1 : X [n]φ(μ) → Y [n]μ represents a morphism fˆ ∈ ShS∞n (X, Y ). This morphism
is an isomorphism in ShS∞n if f is an isomorphism in ShS∞m (or is a domination in ShS∞n if f is a domination in ShS∞m ). 
We write ShS∞ (X) = ShS∞ (Y ) (or ShS∞ (X) ShS∞ (Y )) iff ShS∞n (X) = ShS∞n (Y ) (or ShS∞n (X) ShS∞n (Y )) for some n.
Example 2.1. It is known that the homotopy group π9(S6) and the stable homotopy group π s9(S
6) are both isomorphic to the
cyclic group Z24 of order 24. Let f : S9 → S6 and g : S9 → S6 represent respectively elements α ∈ π9(S6) and 3α ∈ π9(S6),
where α is the element of order 8.
P. Hilton has shown [4, p. 107] that the ﬁnite CW complexes P = S6 ∪ f e10 and P = S6 ∪g e10 have different stable
homotopy types.
Let us observe that P (i) = Q (i) for i  9 and P [ j] = Q [ j] 
 S10 for 6 j < 10. Hence P and Q have the same 9-type and
the same stable
(∞
6
)
-shape.
3.
(∞
n
)
-Equivalences
The deﬁnitions of Qnn+1 : S(CW) → S∞n+1(CWn) and the shape category ShS∞n make it clear there is a canonical
uniquely determined functor Qn : ShStab → ShS∞n such that Qn(X) = X .
If the inverse systems X = {Xσ , {pτσ },Σ} and Y = {Yμ, {qυμ},Υ } in Pro-S(CW) are associated with X and Y and
the pair (φ, {αμ}μ∈Υ ) represents f (where φ : Υ → Σ and αμ ∈ {Xφ(μ), Yμ}) then Qn(f) is represented by the pair
(φ, {Qnn+1(αμ)}μ∈Υ ).
A stable shape morphism f ∈ ShStab(X, Y ) is called (∞n
)
-equivalence if πks (f) is an isomorphism for every k > n and π
n
s (f)
is an epimorphism.
Theorem 3.1. If f ∈ ShStab(X, Y ) is an (∞n
)
-equivalence, thenQn(f) ∈ ShS∞n (X, Y ) is an isomorphism.
Proof. Without loss of generality we can assume that f is represented by a level morphism f ∈ Pro-S∞n+1(CWn)(Qn(X),Qn(X)), where X= {Xσ , pτσ } and Y= {Xσ ,qτσ } are inverse systems of ﬁnite CW complexes over the same directed set such
that X and Y are inverse limits of (respectively) X and Y.
Let Mσ denote the reduced mapping cylinder of a map fσ : Sm(Xσ ) → Sm(Yσ ) which represents the component of f
running from Xσ to Yσ . For each τ > σ there exists a map rτσ : Mτ → Mσ whose restrictions to Xτ and Yτ represent the
same stable homotopy class as pτσ and (respectively) q
τ
σ .
In [13, Lemma 5.2] it is proved that f is n-compressible.
Adjusting the deﬁnition of n-compressibility to our approach, this means that for every σ there exist τ > σ and a map
g : (Mτ ,Sm(Xτ )) → (Mσ ,Sm(Xσ )) such that g(Mτ ) ⊂ M(m+n)σ ∪ Sm(Xσ ) (the index m can be replaced by a bigger one).
The quotient maps M(m+n)σ ∪ Sm(Xσ )/M(m+n)σ → Sm(Xσ /X (n)σ ) and Sm(Xσ ) → Sm(Xσ /X (n)σ ) are isomorphisms of the cate-
gories S∞m+n+1(CWm+n) and S∞n+1(CWn).
Using these facts we can deﬁne β ∈ S∞n+1(Y [n]τ , X [n]σ ) such that β{ fτ } = {pτσ } and { fσ }β = {qτσ }. This ﬁnishes the proof
([11, Theorem 1] or [2, Theorem 2.3]). 
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phism Pro-π sk (X) → Pro-π sk (Y ) is an isomorphism for k < n and an epimorphism for k = n. It follows from [13, Theorem 7.2]
that f is an isomorphism iff it is an n-equivalence and
(∞
n
)
-equivalence.
By c(X) we denote the global cohomotopical dimension of X . If X = ∅ then c(X) =max(n: πns (X) = 0).
Proposition 3.2. For every closed subset A of a compact Hausdorff space X with c(A) < ∞ we have ShS∞ (X) = ShS∞ (X/A).
Proof. Consider the long exact cohomotopy sequence
· · · → πn−1s (X) → πn−1s (A) → πns (X/A) → πns (X) → πns (A) → ·· · .
If the global cohomotopical dimension c(A) of A is ﬁnite then the homomorphism πns (X/A) → πns (X) is an isomorphism
for suﬃciently large n. Since it is induced by the quotient map X → X/A we infer that ShS∞ (X) = ShS∞ (X/A). 
Proposition 3.3. If A is a closed subset of X with c(X) < ∞ then ShS∞ (X/A) = ShS∞ (S(A)).
Proof. Let Y be the union of X and the reduced cone over A. The space Y /X is homeomorphic to the suspension S(A) of A
and ShStab(X/A) = ShStab(Y ). If the global cohomotopical dimension of X is ﬁnite then the exactness of the cohomotopy
sequence implies that the quotient map Y → Y /X induces isomorphisms of stable cohomotopy groups πns (S(A)) → πns (Y )
for suﬃciently large n and ShS∞ (S(A)) = ShS∞ (Y ) = ShS∞ (X/A). 
Proposition 3.4. Let X = X1 ∪ X2 and X0 = X1 ∩ X2 = ∅. If c(X1), c(X2) < ∞ then ShS∞ (X) = ShS∞ (S(X0)).
Proof. Let Y = X1 × {0} ∪ X0 × [0,1] ∪ X2 × {1}/{x0} × [0,1], where x0 is a common base point of X, X0, X1 and X2. The
inclusion Y ⊂ X ×[0,1] is a shape equivalence. We have c(B) < ∞, where B is the image of X1 ×{0} ∪ X2 ×{1} ⊂ X ×[0,1]
under the quotient map X × [0,1] → Y . Hence ShS∞ (Y /B) = ShS∞ (Y ) = ShS∞ (X).
The space Y /B is homeomorphic to the suspension S(X0). 
4.
(∞

)
-Movability
An inverse system X = {Xσ , pτσ ,Σ} ∈ ObPro-C is said to be movable [7, p. 159], if for any σ ∈ Σ there exists m(σ ) σ
(called a movability index for σ ) such that for each τ m(σ ) there exists a morphism r : Xm(σ ) → Xτ with pτσ r = pm(σ )σ .
Let us recall [10, p. 300] that a compact Hausdorff space X is stable movable if {Xσ , {pτσ },Σ} ∈ ObPro-S(CW) is
movable, where X= {Xσ , pτσ ,Σ} is an inverse system of ﬁnite CW complexes and X is the inverse limit of X.
A compact space X is said to be
(∞
n
)
-movable if it admits a S∞n+1(CWn)-expansion p : X → X such that X is a movable
object of Pro-S∞n+1(CWn) and X is said to be
(∞

)
-movable if X is
(∞
n
)
-movable for some n.
Theorem 4.1. Let X be
(∞
n
)
-movable (or X be
(∞

)
-movable) and ShS∞n (Y ) ShS∞n (X) (or ShS∞ (Y ) ShS∞ (X)). Then Y is
(∞
n
)
-
movable (or Y is
(∞

)
-movable).
Corollary 4.2. If X is a compact Hausdorff space and X is stable movable or c(X) < ∞, then X is (∞

)
-movable.
Theorem 4.3. Let A = ∅ be a closed subset of a compact Hausdorff space X. Each one of the following conditions implies that X/A is(∞

)
-movable:
(1) X is
(∞

)
-movable and c(A) < ∞.
(2) A is
(∞

)
-movable and c(X) < ∞.
Proof. The suspension S(A) is
(∞

)
-movable if A is
(∞

)
-movable and hence X/A must be
(∞

)
-movable if A is
(∞

)
-movable
and c(X) < ∞. 
Corollary 4.4. If X1 and X2 are
(∞

)
-movable and c(X1 ∩ X2) < ∞ then X1 ∪ X2 is
(∞

)
-movable.
Proof. If Y1 and Y2 are
(∞

)
-movable then the wedge Y1 ∨ Y2 is are
(∞

)
-movable. 
Proposition 4.5. Let X0 = X1 ∩ X2 = ∅ be
(∞

)
-movable and c(X1), c(X2) < ∞. Then X1 ∪ X2 is
(∞

)
-movable.
Proof. If X0 is
(∞

)
-movable then the suspension S(X0) is
(∞

)
-movable. Our proposition is a consequence of Proposi-
tion 3.4. 
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(∞

)
-movable spaces
Theorem 5.1.We have
c(X) = max(n: Hn(X;Z) = 0)
for every
(∞

)
-movable compact Hausdorff space X.
Proof. Suppose that X is
(∞
m
)
-movable for m > 2. In order to prove Theorem 5.1 it suﬃces to show that if Hn(X;Z) = 0
for n  m > 2 then πns (X) = 0 for n > m + 1. Indeed, it is known [12, Theorem 7.2.1] that if c(X) < ∞ then c(X) =
max(n: Hn(X;Z) = 0).
Without lost of generality we may assume that X is the inverse limit of the inverse system X= {Xσ , pτσ ,Σ} of ﬁnite CW
complexes.
Suppose that there exists n m + 2 such that 0 = α ∈ πns (X) = 0 is represented by a map f : Sk(Xσ ) → Sn+k , where
k 2.
By Lemma 1.2 there exists a map fˆ : Sk(X [m+1]σ ) → Sn+k such that
Sl( fˆ )Sk+l
(
p˜τσ
)
is an essential map (1)
for every τ > σ , where p˜τσ : Xτ → X [m+1]σ denotes the morphism induced by pτσ and Sl( fˆ )Sk+l(p˜τσ ) : Sk+l(Xτ ) → Sn+k+l .
We know also that there exists an index m(σ ) > σ such that for τ > m(σ ) and suﬃciently large k we have a cellular
map r : Sk(X [m]m(σ )) → Sk(X [m]τ ) such that Sk(p˜m(σ )σ ) 
 Sk(p˜τσ )r, where p˜τσ : X [m]τ → X [m+1]σ and p˜m(σ )σ : X [m]m(σ ) → X [m+1]σ are
induced by the bonding morphisms of X.
Suppose that Yi is a CW complex for i = 1,2, . . . ,n and f i : Yi → Yi−1 is a cellular map such that the homomor-
phisms Hr+i( f i) : Hr+i(Yi−1;Z) → Hr+i(Yi;Z) and Hr+i+1( f i) : Hr+i+1(Yi−1;Z) → Hr+i+1(Yi;Z) are trivial for i  n. It is
known [13, Lemma 2.2] that if Y0 is simply connected, then there exists a map g : Yn → Y0 such that g 
 f1 f2 . . . fn and
g(Y (n+r)n ) ⊂ Y (r)0 .
Using this fact for the case when Y0 = Sk(Xσ ) we obtain that for every n > dim Xm(σ ) there exist an index τ > m(σ )
and a map g : Sk(Xτ ) → Sk(Xσ ) such that g((Sk(Xτ )(n+k)) ⊂ Sk(Xσ )(m+k)) and g 
 Sk(pτσ ).
This means that Sl( fˆ )Sk+l(p˜m(σ )σ ) 
 Sl( fˆ )Sk+l(p˜τσ )Sl(r) and Sl(g˜)Sl(r)(Sk+l(X [m]m(σ ))) ⊂ Sk+l((X [m+1]σ )(m+k+l)) = {xσ }, where
g˜ : Sk(X [m]τ ) → Sk(X [m+1]σ ) is the map induced by g and xσ is a base point of Sk+l(X [m+1]σ ).
Hence Sl( fˆ )Sk+l(p˜m(σ )σ ) is homotopic to the constant map. This contradicts (1). 
Theorem 5.2. Let f ∈ ShStab(X, Y ) induce an isomorphism of all cohomology groups. Each of the following conditions implies that f is
an isomorphism:
(1) c(X) < ∞ and Y is (∞

)
-movable;
(2) c(Y ) < ∞ and X is (∞

)
-movable.
Proof. By Theorem 5.1 we have c(Y ) < ∞ when Y is (∞

)
-movable and c(X) < ∞. By [13, Theorem 7.1] we obtain that f is
an isomorphism of ShStab. 
Corollary 5.3. Suppose that X is a
(∞

)
-movable compactum with max(n : Hn(X;Z) = 0) < ∞. Then there exist an index m and a
compactum Y such that ShStab(Sm(X)) = ShStab(Y ).
Proof. Corollary 5.3 is a consequence of Theorem 5.1 and [12, Theorem 2.3.4]. 
6. Homomorphisms induced by stable
(∞
n
)
-shape morphisms
Proposition 6.1. For every m > n + 1 and f ∈ ShS∞n (X, Y ) there are homomorphisms πms (f) : πms (Y ) → πms (X) and Hm(f) :
Hm(Y ;G) → Hm(X;G) such that the following conditions are satisﬁed:
(i) If g : ShS∞n (Y , Z), then πms (gf) = πms (f)πms (g) and Hm(gf) = Hm(f)Hm(g).
(ii) πms (Qn(f)) = πms (f) and Hm(Qn(f)) = Hm(f) for every f ∈ ShStab(X, Y ).
Proof. Since for k = 0,1,2, . . . and m > n + 1 the groups [Sk(X), Sm+k] and [Sk(Y ), Sm+k] equal to the group of ( ∞n+k+1
)
-
homotopy classes from Sk(X) to Sm+k and (respectively) from Sk(Y ) to Sm+k , we may identify πms (X) and πms (Y ) with the
groups of stable
( ∞
n+1
)
-homotopy classes.
If f ∈ ShS∞n (X, Y ) and a ∈ πms (Y ) then πms (f) = af ∈ πms (X).
Similar arguments apply to the cohomology groups. 
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 Hn(Y ;G) and πns (X) 
 πns (Y ) for almost all n 1.
7. The strong wedges of spheres
Let (X1, x1), (X2, x2), . . . be a sequence of pointed compact spaces and A = {n(1),n(2), . . .} ⊂ N = {1,2, . . .}. By
XA =
∞∨
k∈A
(Xk, xk)
we denote the strong wedge of the spaces (Xn(1), xn(1)), (Xn(2), xn(2)), . . . , i.e. the closed subspace of the Cartesian product∏∞
k∈A Xk of those points differing from the base point (xn(1), xn(2), . . .) in at most one coordinate.
Proposition 7.1. Let (Xk, xk) = (Sk, sk) by the k-dimensional sphere for k ∈ N and A, B ⊂ N. Then:
(1) ShStab(XA) = ShStab(XB) if and only if A = B.
(2) ShS∞n (XA) = ShS∞n (XN) when A = {m,m+ 1,m+ 2, . . .} and m n.
(3) ShS∞ (XA) = ShS∞ (XB) if and only if (A \ B) ∪ (B \ A) is a ﬁnite set.
Proof. We have XA = lim←−k
∨k
i=1 (Sn(i), sn(i)).
Since the n-coskeleton of Sm equals to Sm for m > n, we get ShS∞n (XA) = ShS∞n (XN) if A = {m,m + 1, . . .} and
ShS∞ (XA) = ShS∞ (XB) if (A \ B) ∪ (B \ A) is a ﬁnite set.
If (A \ B) ∪ (B \ A) is not a ﬁnite set, then Hn(XA;Z) and Hn(XB;Z) are not isomorphic for inﬁnitely many n. By
Corollary 6.2 we get ShS∞ (XA) = ShS∞ (XB). 
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